Introduction
The purpose of this paper and its sequel is to determine the homotopy groups of the spectrum THH(`). Here p is an odd prime,`is the Adams summand of p-local connective K-theory (see for example 25]) and THH is the topological Hochschild homology construction introduced by B okstedt in 3] . In the present paper we will determine the mod p homotopy groups of THH(`) and also the integral homotopy groups of THH(L) (where L denotes the periodic Adams summand). In the sequel we will investigate the integral homotopy groups of THH(`) using our present results as a starting point.
The THH construction appears to be of basic importance in algebraic K-theory because it combines two useful properties: it can be used to construct good approximations to the algebraic K-theory functor, and it is very accessible to calculation. We shall review what is known about the rst property in a moment; the second property was demonstrated by B okstedt's calculation, in his paper 4], of the homotopy groups of THH(HZ=p) and THH(HZ) (here HZ=p and HZ denote the evident Eilenberg-Mac Lane spectra). It is natural to ask about THH(R) for other popular ring spectra R, and our work is a rst step in this direction. We pay special attention to the connective case because this is the case which is likely to be relevant in applications (see Subsection 1.4 below).
The calculation which we present in this paper is a homotopy-theoretic one which uses the Adams spectral sequence (hereafter abbreviated ASS). This calculation has several interesting features; in particular it is a pleasing example of an ASS calculation in which, although there are in nitely many di erentials, it is still possible to get the complete answer.
Here is a summary of the contents of the paper. In Section 2 we review the facts we need to know about ordinary Hochschild homology. In Section 3 we do the same 1 for topological Hochschild homology. In Section 4 we calculate the mod p homology of THH(`) and use it to nd the E 2 term of the ASS converging to (T HH(`); Z=p).
This section also contains a quick calculation, which was pointed out to us by Larry Smith and Andy Baker, of the homotopy groups of THH(BP), where BP is the BrownPeterson summand of complex cobordism. In Section 5 we calculate the mod p Ktheory of THH(`) and use it to determine the \v 1 -inverted" homotopy of THH(`). In Section 6 we work backwards from this result to determine the behavior of the v 1 -inverted ASS for THH(`). In Section 7 we show that the behavior of the v 1 -inverted ASS completely determines that of the ASS itself, thereby completing the calculation of (T HH(`); Z=p). In Section 8, which depends only on Sections 2, 3, and 5, we calculate THH(L). In Section 9 we confess that our de nition of the spectrum`is not the usual one; on the other hand we show that it agrees with the usual one up to p-adic completion. Our de nition has the advantage that it provides an E 1 structure for`; this implies that has an A 1 structure, which is necessary in order for THH(`) to be de ned, and it also provides extra structure for THH(`) which will be used in the sequel to determine di erentials and extensions in the ASS converging to THH(`).
(see 27, page 364] for the de nitions of HC ? and and 27, Section 2.3] for the de nition of ). The following basic theorem, due to Goodwillie 27, Theorem II. 3.4] , says that the map can be used to calculate rationalized relative algebraic K-theory in certain situations. The most important application of Theorem 1.1 is to Waldhausen's functor A(X). For this, one needs to generalize Theorem 1.1 to apply to simplicial rings S. This can be done (see 27]), and in this generality the hypothesis of Theorem 1.1 is replaced by the much less stringent hypothesis that the map 0 S 1 ! 0 S 2 be a surjection with nilpotent kernel (see 27]). Now given a space X, it is easy to construct a simplicial ring whose K-theory agrees rationally with A(X), and thus Theorem 1.1 can be applied to calculate A(X ! Y ) Q whenever X ! Y is a 2-connected map (see 27, pages 348{349]).
Algebraic K-theory of Ring Spectra
The reason for introducing topological Hochschild homology is to try to formulate and prove an analog of Theorem 1.1 which holds integrally and not just rationally. One can get a hint as to how to do this by recalling that one of the basic principles of Waldhausen's work on algebraic K-theory is that the K-functor should be applied not just to rings but to ring spectra (also called \brave new rings"). Waldhausen gave a sketch of how to do this in 28], and a precise construction was given by May in 29] (also see 30]). For technical reasons one must restrict to A 1 ring spectra, but in practice this is not an inconvenience. We shall refer to this functor as Waldhausen K-theory and denote it by K W ; when R is an A 1 ring spectrum, K W (R) is a spectrum whose homotopy groups will be denoted by K W (R). The functor K W generalizes both K and A(X), for when R is the Eilenberg-Mac Lane spectrum HS associated to a discrete ring S one has the equation K W HS = K S; (1) and when R is the sphere spectrum S 0 , or more generally the suspension spectrum 1 ( X) + , one has K W (S 0 ) = A( ) 3 and K W ( 1 ( X) + ) = A(X) (here ( X) + denotes the space obtained by adding a disjoint basepoint to the loop space of X).
Topological Hochschild Homology
In view of what has been said so far, it is natural to try to approximate K W R by means of a Hochschild homology construction which can be applied to A 1 In the cases R = S 0 and R = 1 ( X) + mentioned above one can give explicit descriptions of THH(R):
THH(S 0 ) = S 0 and THH( 1 ( X) + ) = 1 ( X) + ; where denotes the free loop space; the rst equation is obvious from the de nition in Section 3 and the second follows from that de nition and 31, Theorem ?].
Probably the most important fact about 0 is that it can be identi ed with the map from K W to its rst Goodwillie derivative; more precisely we mean the derivative \at X = S 0 " of the functor X 7 ! K W (R^( X) + ) from pointed spaces to spectra ( 32]; also see 33] for the de nition of the derivative and the proof of this fact in the special case R = S 0 ). This fact is signi cant in two ways: it implies that THH is a \ rst order" approximation to K W in much the same way that stable homotopy is a rst order approximation to unstable homotopy, and it can be used to obtain a \higher order" approximation, as we explain in the next subsection.
Topological Cyclic and Epicyclic Homology
The next step is to consider functors which combine the desirable properties of HC ?
and THH. For As one might expect, HH (S) can also be described in terms of Tor; it is Tor S S op (S; S);
where the rst factor of S S op acts on S by multiplication on the left and the second factor by multiplication on the right 8, page 169]. The reader may perhaps wonder why one uses this de nition for the homology of S instead of the \obvious" de nition Tor S (k; k). For our purposes, the answer is that the latter is the appropriate de nition for the category of augmented algebras, but we need to work more generally; the functor HH (S) is closely related to Tor S (k; k), but it is de ned for arbitrary algebras S. where S ' denotes the S-module structure on S obtained by pulling back its S S-module structure along '. In our case S is commutative, so that S ' has the trivial S-module structure, and we conclude that there is an isomorphism S Tor S (Z=p; Z=p) = HH (S):
But it is well known that Tor S (Z=p; Z=p) = ( 0 (x 1 ); 0 (x 2 ); . . .) ?( 0 (y 1 ); 0 (y 2 ); . . .);
where ? denotes a divided polynomial algebra and 0 is the suspension map S ! Tor S 1 (Z=p; Z=p);
and it is not hard to check that the isomorphism (4) takes 0 (x i ) to (x i ) and 0 (y j ) to (y j ). |
Introduction To Topological Hochschild Homology
In this section we turn to the topological version of Hochschild homology. Our references for the foundations are 3] and 10], and we refer to those sources for all technical details. Roughly speaking, topological Hochschild homology is constructed by replacing the algebra S in the Hochschild complex (2) by a ring spectrum R. We will show how to carry this idea out when the multiplication in R is strictly associative (which is the case considered in 3, Section 1]), but in fact it can be done whenever R has an A 1 structure (see 10]). t 0 t i t i+1 t n if 0 i < n t n t 0 t 1 t n?1 if i = n, 8 and s i (t 0 t n ) = t 0 t i 1 t i+1 t n : Clearly the Hochschild complex is the chain complex associated to this simplicial abelian group. But for any simplicial abelian group, the homology of its associated chain complex is the same as the homotopy of its geometric realization (see 15, Theorem 22.1]), so in our case we conclude HH (S) = jHH (S)j:
We now de ne the topological Hochschild homology spectrum THH(R) associated to a ring spectrum R to be the geometric realization of the simplicial spectrum . . . (Our assumption that the multiplication in R is strictly associative is necessary in order that the maps @ i and s i de ned in this way satisfy the simplicial identities).
We shall write~ : R ! THH(R)
for the inclusion of the 0-th simplicial ltration in THH(R). If the multiplication in R is su ciently commutative then THH(R) inherits a ring-spectrum structure and~ is a 9 ring map (see 3, Section 2]). If R is an E 1 ring spectrum then THH(R) inherits an E 1 ring structure and~ is an E 1 ring map (see 10]). Our de nition of the spectrum`, which is given in Section ??, automatically implies that`is an E 1 ring spectrum, so we conclude that THH(`) is also. Now suppose that we are given a homology theory h with a multiplication and that we want to know h (T HH(R)). In 4] , B okstedt introduced the following spectral sequence for this sort of calculation.
Proposition 3.1 If h satis es the strict K unneth formula h (X^Y ) = h X h S 0 h Y then there is a spectral sequence HH (h (R)) ) h (T HH(R)); (5) where HH is de ned with respect to the ground ring h S 0 . For each x 2 h (R) the
We warn the reader that there is no Hopf algebra structure in this spectral sequence. It is likely, although we shall not attempt to prove it, that Proposition 3.1 holds without the assumption that h satis es the strict K unneth formula (cf. 19, Theorem 13.1]).
Proof of Proposition 3.1. For any simplicial spectrum X , we may apply the theory h to the simplicial ltration of jX j in the usual way to obtain a spectral sequence converging to h (jX j) (cf. 16, Theorem 11.14]). If X is \proper" then the E 2 term of this spectral sequence is the homology of the complex
Now when X is THH (R) and h satis es the strict K unneth formula this complex is just the Hochschild complex for h (R), and we conclude that E 2 = HH (h (R)) as required. | At the end of the next section we shall need to have somewhat tighter control of the spectral sequence (5) . The information we need is provided by our next result. Proof. Before we can de ne the natural transformation~ we need some preliminary Taken together, the ! n give a map
By passing to geometric realizations and using Lemma 3.3 we obtain a map 1 To complete the proof of Proposition 3.2 it only remains to show that the transformation~ has the desired relation to the spectral sequence (5) .
Let C (X ) denote the chain complex (6) . A straightforward calculation shows that the homology of C (S (R)) vanishes in all dimensions except 0 and 1, and in particular the spectral sequence associated to S (R) collapses. For each x 2 h (R) the element I 1 x 2 h (R _ R)
is a 1-dimensional cycle in C (S (R)) which represents a class x in E 2 (S (R)). If we write J for the inclusion of R as a wedge summand in jS (R)j, then x survives to J ( x) 2 h (jS (R)j):
It follows that the image of x in E 2 (T HH (R)) survives to ! J ( x), which by denition is~ ( x), in h (T HH (R)). But the image of I 1 x in the Hochschild complex C (T HH (R)) is 1 x, and so the image of x in E 2 (T HH (R)) is x. We have now
shown that x survives to~ ( x), as required to nish the proof of Proposition 3.2. |
We conclude this section with some remarks which will not be used in the rest of the paper. Remark 3.5 There is another way to relate Robinson's work to THH. Given a su ciently good map of ring spectra T ! R, it should be possible to de ne a spectrum THH T (R) (i.e., \topological Hochschild homology over the ground ring T ") by replacing all the smash products in the de nition of THH(R) by^T products. In particular, if R = HS for a discrete ring spectrum S one should have a formula It would be natural to try to apply this construction to an associative ring spectrum R, replacing the G's by R's, the 's by^'s, and by S 0 . If one attempts to carry this out, however, it becomes apparent that there is no sensible way to de ne the rst and last degeneracy maps @ 0 and @ n . Further re ection shows that this is because there is no sensible way to de ne an augmentation map R ! S 0 . This brings us back to the observation made at the beginning of Section 2: in the analogous algebraic situation, one compensates for the lack of an augmentation by using the Hochschild complex instead of the bar construction. Thus one can think of the THH construction as being the closest one can come to imitating the classifying space construction for a ring spectrum R. (The analogy is not precise, however, and in particular if the analog of the Hochschild construction is applied to a topological group G the result is not BG but instead is the free loop space Map(S 1 ; BG); see 11] as an algebra.
To complete the proof of Proposition 4.2 we need to determine the A -coaction on 1 , 2 , and . We shall give the calculation of ( 2 ); the others are similar.
Since the map~ commutes with , we have
Now ( 2 ) Comparing equations (9) and (10) dimensionwise shows that H (T HH(BP); Z (p) ) must be torsion free. Now equation (9) 
Localized mod-p homotopy of THH(`)
The object of this section is to prove the following result, which we will use in later sections to determine the di erentials in the Adams spectral sequence E r (T HH(`); Z=p) for the mod-p homotopy of THH(`). Proof of Theorem 5.1. We start by choosing some notation: Take`with the usual -module structure :`^`?!`and THH(`) with :`^T HH(`) ?! THH(`) being just the restriction of the multiplication on THH(`).
Observe that we can make a commutative diagram
where the h's denote Hurewicz maps. What is important here are the facts that the compositions h and h are identities, so that is a surjection, among other things. We can also localize the lower square in this diagram (but not the upper square !) to obtain the following diagram. Proof of 5.2. The inclusion of simplicial spectra l ?! THH(l) induces a morphism of the spectral sequences for K(1) (`) and K(1) (T HH(`)) arising from the simplicial ltrations. For`the spectral sequence is trivial, and for THH(`) we can evaluate the E 2 -term according to Proposition 3.1, since we know the homology theory K(1) has a good K unneth theorem 18, page 133]. We nd that the E 2 -term of the spectral sequence is identi ed with the Hochschild homology of K(1) (`) over (K (1)). Then we have
But, according to the lemma above,
Thus we have an isomorphism of spectral sequences at the E 2 -level and this fact immediately implies the proposition. |
The structural information about the algebra K(1) (`) which we need to prove Lemma 5.3 is supplied by the following result. (1) In the following theorem we show how the di erentials in the localized Adams spectral sequence determine the di erentials in the Adams spectral sequence itself. One of the interesting things about this example is that the spectral sequence has in nitely many non-zero di erentials, and that we can determine them all. Notice that if one removes the explicit arithmetic from the proof below one has a general result on the Adams spectral sequence for the mod-p homotopy of an`-module spectrum X. This result is stated at the end of the section. . There is no torsion present other than a r(n) 1 -torsion for every n.
Proof. Put r(0) = 1, put S 0 = f g, and take the other notation from the preceding theorem. P(n) is the following statement: There is a set S n E ;0 r(n)+1 where hS n i is the Z=p a 1 ]-module generated by S n . For each x 2 S n we have a r(n) 1 x = 0 so that hS n i 0 s<r(n) E ;s r(n)+1 : Concerning the di erentials in the spectral sequence, E r(n)+1 = E r(n+1) , and d r(n+1) is determined by the formulas d r(n+1) (x) = 0 for x 2 S n f n+1 ; n+2 g d r(n+1) ( p n ) = a r(n+1) Remark: It will be clear from the proof of P(n) that hS n i is also an ideal of E ; r(n)+1 , and that the elements of S n are all of square zero. A second glance shows that there are many more multiplicative relations satis ed by the elements of S n so that the E r(n)+1 -term is complicated as an algebra. The algebra structure on E 1 is therefore very complicated, and we have not tried to explicitly determine it.
The part of the statement P(0) concerning the algebraic structure of the E 2 -term of the spectral sequence is the content of theorem 4.1, so we have to discuss the di erential. As E 2 is a 1 -torsion free, the natural map
